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We present a protocol to experimentally measure the infinite-temperature out-of-time-ordered
correlation (OTOC) – which is a probe of quantum information scrambling in a system – for systems
with a Hamiltonian which has either a chiral symmetry or a particle-hole symmetry. We show
that the OTOC can be obtained by preparing two entangled systems, evolving them with the
Hamiltonian, and measuring appropriate local observables. At the cost of requiring two copies of
the system and putting restrictions on the Hamiltonian’s symmetries, we show that our method
provides some advantages over existing methods – it can be implemented without reversing the sign
of the Hamiltonian, it requires fewer measurements than schemes based on implementing the SWAP
operator, and it is robust to imperfections like some earlier methods. Our ideas can be implemented
in currently available quantum platforms.
Introduction.– Quantum information scrambling stud-
ies the spreading of initially local information through
a quantum system. Information scrambling is deeply
connected to fundamental concepts in physics such as
quantum chaos [1–8], localization [8–15], phase transi-
tions [16–23], and thermodynamics [23–27], and finds ap-
plications in studies of black holes [28–30] and condensed
matter models with holographic duals [31–38].
The scrambling of quantum information can be probed
by measuring the squared magnitude of the commu-
tator between two local observables at different times,
C(t) = 〈[Wˆ , Vˆ (t)]†[Wˆ , Vˆ (t)]〉. This quantity probes
the spreading of the Heisenberg operator Vˆ (t) by giv-
ing the noncommutativity of Wˆ with Vˆ (t). In chaotic
systems, C(t) exhibits a period of exponential growth,
C(t) ∼ eλLt, where λL is bounded by an upper limit
of 2pikBT/h¯ [28–30]. When C(t) is expanded, it con-
tains time-ordered correlations, 〈Wˆ †Vˆ †(t)Vˆ (t)Wˆ 〉 and
〈Vˆ †(t)Wˆ †Wˆ Vˆ (t)〉, and out-of-time ordered correlations
(OTOCs), 〈Wˆ †Vˆ †(t)Wˆ Vˆ (t)〉 and 〈Vˆ †(t)Wˆ †Vˆ (t)Wˆ 〉.
Experimentally measuring OTOCs has proven to be
difficult, since the order of operators in OTOCs sug-
gests that sign-reversal of the Hamiltonian is required.
Researchers have proposed to measure OTOCs by ex-
plicitly reversing the sign of the Hamiltonian [39], or
by controlling the sign with an ancillary bit which acts
as a switch [1]. OTOCs have been measured by explic-
itly reversing the Hamiltonian’s sign in NMR quantum
simulators [40–42] and a system with trapped ions [43].
Other proposals to measure OTOCs without reversing
time evolution involve implementing the SWAP opera-
tor between two systems either as an ensemble of ran-
dom initial states [44] or using a beam splitter opera-
tion [2], or making weak measurements [26]. A land-
mark experiment [45] recently measured OTOCs by im-
plementing the proposal in Ref. [44]. OTOCs have also
been measured in an experimental implementation [46]
of the Hayden-Preskill protocol [29, 47, 48].
In this Letter, we propose a method to measure
OTOCs at infinite temperature, 〈Wˆ †Vˆ †(t)Wˆ Vˆ (t)〉∞ and
〈Vˆ †(t)Wˆ †Vˆ (t)Wˆ 〉∞, for Hamiltonians which have a chi-
ral symmetry or a particle-hole symmetry. Our method
works by measuring quantum correlations between two
systems that are initially entangled and then evolved
with the Hamiltonian. The condition on the Hamilto-
nian’s symmetry arises from a special property of our ini-
tial state, which for these symmetries, effectively evolves
one of the systems backward in time without requiring
to reverse the Hamiltonian’s sign in experiment. At the
cost of requiring two copies of the system and restricting
to Hamiltonians with certain symmetries, we show that
our scheme provides some advantages over earlier meth-
ods that measure OTOCs. First, as mentioned above,
our scheme does not require reversing the Hamiltonian’s
sign, which is a significant advantage over methods which
reverse the sign [1, 39–43]. Second, it requires fewer mea-
surements than methods which measure the SWAP oper-
ator [2, 44, 45]. Additionally, like earlier works [44, 45],
our method is also robust to imperfections in experiment.
We demonstrate our method by applying it to mea-
sure OTOCs for two Pauli operators in a system with a
non-integrable spin Hamiltonian which naturally arises
in Rydberg systems [49]. For this case, we initially en-
tangle the qubits in two systems as Bell pairs, apply a
Pauli operator on one system, evolve both systems with
the Hamiltonian, and then measure the correlation be-
tween a Pauli operator in the two systems. This scheme
is readily implementable in current experiments. For gen-
eral OTOCs beyond Pauli operators, the two systems in
our proposal have to be initially entangled in such a way
that they form a purified state of a certain operator. We
present a variationally-inspired algorithm to prepare this
initial state. We focus on qubits, but our ideas can be
applied to systems with other local Hilbert spaces too.
Measuring the OTOC for unitary Wˆ .– We prepare the
two systems initially in |W12〉 =
(
Wˆ ⊗ 1ˆ
)
|Bell〉, where
|Bell〉 = 1
2n
∑
|x〉
|x〉1|x〉2. (1)
The sum in Eq. (1) runs over basis states {|x〉} that will
be chosen later, and the subscripts label the two sys-
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2Fig. 1: Definition of purified states
|W12i
Figure 1. (Color online) (a) Illustration of |Bell〉 as a product
of Bell pairs, when the many-body basis states are products
of the single-qubit basis states {|0〉, |1〉}. (b) Quantum circuit
to prepare |W12〉 for unitary Wˆ .
Fig. 2: OTOC
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Figure 2. (Color online) (a) Quantum circuit to measure the
OTOC, for Hermitian Vˆ . (b) Infinite-temperature OTOCs
O5j(t) = 〈σˆz5 σˆxj (t)σˆz5 σˆxj (t)〉∞ for the Hamiltonian in Eq. (4)
for n = 10 qubits. Solid lines show the exact values, while the
symbols show the results of a simulated experiment with 100
measurements for each time. Deviations of the symbols from
the solid lines are due to shot noise.
tems. |Bell〉 can be prepared relatively easily for sim-
ple choices of {|x〉}. For example, if the many-body ba-
sis states are products of single-qubit states {|0〉, |1〉},
then |Bell〉 = ⊗nj=1|Φ+j 〉 is a product of Bell pairs as
illustrated in Fig. 1(a), with |Φ±j 〉 = (|0〉(j,1)|0〉(j,2) ±
|1〉(j,1)|1〉(j,2))/
√
2. This state can be prepared rela-
tively easily on most experimental platforms that per-
form quantum simulation. Then, |W12〉 can be prepared
by applying
(
Wˆ ⊗ 1ˆ
)
to |Bell〉, as shown in Fig. 1(b).
Our proposal to measure the OTOC stems from the
relation
〈W12(t)|
(
Vˆ † ⊗ Vˆ T
)
|W12(t)〉 = 1
2n
×
Tr
(
Wˆ †eiHˆtVˆ †e−iHˆtWˆe−iHˆ
T tVˆ eiHˆ
T t
)
, (2)
where |W12(t)〉 =
(
e−iHˆt ⊗ e−iHˆt
)
|W12〉, and we used
〈x|Vˆ T |x′〉 = 〈x′|Vˆ |x〉 to derive Eq. (2). We set h¯ = 1.
Equation (2) gives the infinite-temperature OTOC
〈Wˆ †Vˆ †(t)Wˆ Vˆ (t)〉∞, if the Hamiltonian satisfies HˆT =
−Hˆ. The circuit to measure the OTOC for Hermitian
Vˆ is shown in Fig. 2(a). We highlight that this cir-
cuit evolves both systems with +Hˆ. For Hermitian Vˆ ,
〈Wˆ †Vˆ †(t)Wˆ Vˆ (t)〉∞ = 〈Vˆ †(t)Wˆ †Vˆ (t)Wˆ 〉∞, and both can
be obtained by measuring Vˆ ⊗ Vˆ T in |W12(t)〉.
Two key points explain why our protocol can measure
the OTOC without reversing the sign of Hˆ. First, |Bell〉
is an isotropic state, which satisfies(
Uˆ ⊗ Uˆ∗
)
|Bell〉 = |Bell〉 (3)
for any unitary Uˆ . Second,
(
e−iHˆt
)∗
= e−iHˆt if HˆT =
−Hˆ. Then, setting Uˆ = e−iHˆt in Eq. (3), and multiply-
ing Eq. (3) by (eiHˆt ⊗ 1ˆ), we find
(
1ˆ⊗ e−iHˆt
)
|Bell〉 =(
eiHˆt ⊗ 1ˆ
)
|Bell〉. That is, we effectively evolve system 1
with −Hˆ, by evolving system 2 with +Hˆ.
The requirement HˆT = −Hˆ is satisfied in some basis
for all Hˆ with either a chiral symmetry or a particle-hole
symmetry. Then to measure the OTOC, one uses this
basis to define |Bell〉 [Eq. (1)], and implements the circuit
in Fig. 2(a). While this restricts the applicability of our
method, it still lets us measure the OTOC for several Hˆ
describing a large class of physical systems. The biggest
challenge in our protocol is finding a basis where HˆT =
−Hˆ and |Bell〉 can be prepared in experiment.
We demonstrate our method by applying it to calculate
the OTOC for the Hamiltonian
HˆAB =
∑
ij
J
r3ij
(
σˆxA,iσˆ
x
B,j + σˆ
y
A,iσˆ
y
B,j
)
, (4)
where (A, i) and (B, j) denote qubits i and j on A and
B sublattices of a 1D chain. This Hamiltonian is non-
integrable, has a chiral symmetry, and a close variant of
it has been realized in recent experiments on Rydberg
atoms [49]. The chiral symmetry in these experiments
arises when the atoms’ dipole moment is aligned at an
angle of cos−1(1/
√
3) with respect to the two legs of a
2× (n/2) ladder of atoms.
Figure 2(b) plots the OTOCs, O5j(t) =
〈σˆz5 σˆxj (t)σˆz5 σˆxj (t)〉∞, for HˆAB on a chain of n = 10
qubits. HˆAB has an anti-symmetric matrix when
the basis states are chosen as {|0〉j , |1〉j} for even-
numbered qubits j = 2k, and {|0〉j , i|1〉j} for odd-
numbered qubits j = 2k + 1, k ∈ Z. For this basis,
|W12〉 =
(⊗j∈odd,j 6=5|Φ−j 〉) (⊗j∈even||j=5|Φ+j 〉) is also a
product of Bell pairs, and can be prepared in experi-
ments. Figure 2(b) shows that all the off-site (j 6= 5)
OTOCs are initially 1, since the operators initially
commute, and the on-site (j = 5) OTOC is −1 since
the operators initially anti-commute. The OTOCs begin
decaying with time, with the onset of decay happening
at a later time when the initial operators are spaced
farther apart.
Comparison to earlier methods.– Our work shares some
aspects with earlier proposals [44] and experiments [45,
46] that measured OTOCs, which we now describe.
The essence of Refs. [44, 45] is the relation
ak (uˆ⊗ uˆ) |0⊗n ⊗ k〉〈0⊗n ⊗ k| (uˆ⊗ uˆ)† = α1ˆ + β SWAP
2n
(5)
3for appropriately chosen weights ak. Equation (5) gives
the density matrix for their ensemble of initial states, up
to a normalization constant. The average · · · is over a set
of random unitaries u which are either local or global, and
a set of initial bit strings k. In the protocol with global
random unitaries, ak = δk,0, and α = β = 1/(2
n + 1).
In the protocol with local random unitaries, Ref. [44]
chose ak = (−2)−D[k] with D[k] the Hamming weight
of k, and proposed a converging series to estimate the
OTOC. If k is averaged over all 2n bit strings, then α = 0
and β = 2−n. If k is instead restricted to only 2L bit
strings, varying L qubits close to the location of Vˆ (0) and
leaving all other qubits as |0〉, then Eq. (5) is modified to
a product of local density matrices (αi1ˆ + βi SWAPi)/2,
with αi = 0, βi = 1/2 for the L qubits, and αi = βi =
1/3 for the others. The total number of measurements
required by these protocols roughly scales as 2n for the
first two cases, and 2L for the last case.
Refs. [44, 45] differ from our method only in the ini-
tial state, and have an identical circuit otherwise. Their
initial state [Eq. (5)] is an eigenstate of Uˆ ⊗ Uˆ for any
unitary Uˆ . Therefore, system 1 effectively evolves with
−Hˆ when system 2 is evolved with +Hˆ, without any re-
strictions on the symmetries of Hˆ. Moreover, the two
systems can be simulated in separate experiments with
only n qubits each, and the measurements can be classi-
cally correlated. The method in Refs. [44, 45] is advan-
tageous over our method in these two respects. However,
as we will show, our method has the advantage that it
requires fewer measurements. This is because our initial
density matrix is |Bell〉〈Bell|, with the prefactor β = 1.
The identity in Eq. (3) plays a key role in the Hayden-
Preskill protocol [29, 47, 48]. Ref. [46] demonstrated this
protocol in experiment by applying U ⊗ U∗ to a system
consisting of Bell pairs and an unknown state |ψ〉. The
operations U ⊗U∗ scramble |ψ〉 across the system, which
is then recovered elsewhere by measuring a small number
of qubits in the Bell basis. Our method uses Eq. (3) to
measure OTOCs, and uses the fact that U∗ = U for
Hamiltonians with an anti-symmetric matrix. We also
show how to use Eq. (3) to detect errors in the system.
Statistical errors, imperfections, and decoherence.–
Figure 3(a) shows the statistical error in the measured
value of Oij(t) = 〈σˆzi σˆxj (t)σˆzi σˆxj (t)〉∞ for the two central
qubits in a chain, as a function of the number of measure-
ments Nm, for two different system sizes and evolution
times. The shot noise decreases as
√
Nm, and does not
increase with system size or evolution time.
In addition to statistical error, we expect errors to
occur in an experimental implementation of our pro-
posal due to imperfect initial state preparation, read-
out errors, symmetry-breaking terms in the Hamilto-
nian, coupling between the two systems, unequal Hamil-
tonians in the two systems, and other decohering pro-
cesses such as depolarizing noise and spontaneous emis-
sion. We propose to detect these errors by measuring
O′j(t) = 〈σˆxj (t)σˆxj (t)〉∞, obtained by initializing the two
systems in |Bell〉 and measuring σˆxj ⊗
(
σˆxj
)T
after time
evolution. |Bell〉 is an eigenstate of σˆxj ⊗
(
σˆxj
)T
, and an
eigenstate of
(
e−iHˆt ⊗ e−iHˆt
)
if HˆT = −Hˆ. Therefore, in
the ideal case of no errors, measuring σˆxj ⊗
(
σˆxj
)T
should
always yield 1. Any deviation from 1 indicates that an er-
ror has occurred. Dividing Oij(t) by O
′
j(t) removes some
of these errors, as we explain below.
Depolarizing noise in the experiment produces smaller
estimates Oestij (t) and O
′
j(t) than the ideal results Oij(t)
and 1. For depolarization rate γ, Oestij (t) = e
−γtOij(t)
and O′j(t) = e
−γt. This error is completely eliminated by
calculating the ratio Oij(t) = O
est
ij (t)/O
′
j(t), which recov-
ers Oij(t) exactly. Readout errors are similarly cancelled
in Oij(t) (see Supplementary Material).
Figure 3(b) shows our method’s robustness to depolar-
izing noise. The open symbols plot Oest1n (t) and the filled
symbols plot O1n(t). The filled symbols overlap with the
exact result O1n(t) (solid line). Then, experiments can
accurately extract O1n(t) as long as O
est
1n (t) is above a
shot noise threshold set by the number of measurements.
Figures 3(c-f) plot Oest1n (t) and O1n(t) in the presence
of other sources of error. Figure 3(c) considers the ini-
tial density matrix to be ρˆinit = ⊗j((1− δ)ρˆj + 1ˆ× δ/4),
where ρˆj is the ideal Bell state for the j
th qubit. Fig-
ure 3(d) considers the Hamiltonian in each system to be
Hˆ = HˆAB + (HˆAA + HˆBB), where the chiral-symmetry-
breaking terms HˆAA and HˆBB are spin interactions
within a sublattice that decay as 1/r3. Figure 3(e) con-
siders the two systems to evolve with different Hamil-
tonians, Hˆ1(2) = (1 + 1(2))HˆAB with 1(2) = +(−).
Figure 3(f) considers additional coupling between the
two systems, Hˆcoupling = 
∑
i J(σˆ
x
i1σˆ
x
i2 + σˆ
y
i1σˆ
y
i2). The
rescaled value, O1n(t), overestimates O1n(t) in the case of
imperfect initial states [Fig. 3(c)] and when the systems
are coupled [Fig. 3(f)]. When symmetry-breaking terms
are present [Fig. 3(d)], O1n(t) overestimates O1n(t) at
the onset of the decay and underestimates O1n(t) at later
times. O1n(t) underestimates O1n(t) when the systems
evolve with different Hamiltonians [Fig. 3(e)]. Moreover,
O′n(t) = 1 in this case [inset in Fig. 3(f)], so this coupling
will not be detected by O′n(t). We consider spontaneous
emission in the Supplementary Material.
Preparing |W12〉 for non-unitary Wˆ .– The OTOC for
non-unitary Wˆ can also be measured from Eq. (2) and
Fig. 2(a), with the initial state |W12〉 still defined the
same as before and normalized. The normalized state is
|W12〉 =
√
2n
Tr(WˆWˆ †)
(
Wˆ ⊗ 1ˆ
)
|Bell〉
=
1√
Tr(WˆWˆ †)
∑
|w〉
w|w〉1|w∗〉2, (6)
where the sum runs over the eigenstates |w〉 of Wˆ , with
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Figure 3. (Color online) Statistical errors, imperfections,
and decoherence. (a) The statistical error in the estimated
OTOC Oestn/2,n/2+1(t) due to shot noise, as a function of the
number of measurements Nm. The solid line shows 1/
√
Nm,
and the symbols are the error for two different system sizes
and times. The inset plots the error for Oestn/2,n/2+1(t) at
Jt = 0.5 for Nm = 1000 measurements, and shows that
the error stays constant with system size. (b-f) Open sym-
bols: Estimated OTOC Oest1n (t) in the presence of errors, for
a chain of n = 6 qubits. Filled symbols: Rescaled OTOC
O1n(t) = O
est
1n (t)/O
′
n(t). (b) includes depolarizing noise. (c)
considers imperfect preparation of |Bell〉. (d) includes chiral-
symmetry-breaking terms in the Hamiltonian. (e) considers
the two systems to evolve with different Hamiltonians. (f) in-
cludes coupling between the two systems. Inset in (f) shows
that O′n(t) = 1 for this coupling.
w the corresponding eigenvalue for |w〉. The complex
conjugate |w∗〉 is defined as |w∗〉 = ∑|x〉 |x〉〈w|x〉. Equa-
tion (6) can be derived using Wˆ =
∑
|w〉 w|w〉〈w|. The
state |W12〉 is a purified state of WˆWˆ †.
Ref. [50] presented a probabilistic protocol to experi-
mentally prepare |W12〉 for non-unitary Wˆ . Their pro-
tocol required post-selection on a control qubit, and its
success decreased as the fidelity increased.
Here, we present a deterministic protocol to coherently
prepare |W12〉 for Wˆ that is non-unitary, Hermitian and
easily diagonalizable. This requirement is not severely
limiting, since most observables of interest are easily di-
agonalizable. Our protocol is inspired by a striking sim-
ilarity between the symmetry of |W12〉 and that of the
wave function that appears in Grover’s algorithm [51].
We denote the qubits where Wˆ has support to be
[1, k], and assume for simplicity that the many-body ba-
sis states are products of single-qubit states {|0〉, |1〉}.
We define Ux = 1 − 2|ψ0〉〈ψ0| as the reflection operator
about |ψ0〉 = ⊗ki=1|+i〉, and define
|W1〉 =
∑
w
w|w〉1. (7)
We show how to prepare |W1〉 for diagonal Wˆ . The
eigenstates |w〉 in this case are bit strings. Therefore,
after preparing |W1〉, |W12〉 can be obtained by applying
a controlled-NOT between every qubit in system 1 and
the corresponding qubit in system 2. For Wˆ that is not
diagonal but is related to a diagonal observable Wˆ diag via
a unitary transformation, Wˆ = UˆW Wˆ
diagUˆ†W , we prepare
|W diag12 〉 using the method below, and then prepare |W12〉
using |W12〉 =
(
UˆW ⊗ Uˆ∗W
)
|W diag12 〉.
Our proposal to prepare |W1〉 for diagonal Wˆ relies
on [52, 53] (also see Supplementary Material)
|ψvar(α1 · · ·αp)〉 =
p∏
j=1
Uxe
iαjWˆ |+⊗n〉 =
∑
w
f(w)|w〉
(8)
for some function f , for any values of αj . The important
result in Eq. (8) is that all degenerate eigenstates |w〉 with
the same eigenvalue w have the same coefficient. Grover’s
algorithm is a special case of Eq. (8), with αj = pi and
Wˆ an oracle with only two distinct eigenvalues, w = 0
and w = 1. Then, f(0) = cos((2p + 1)θ)/
√
2n −m and
f(1) = sin((2p+ 1)θ)/
√
m, where θ = sin−1
√
m/2n and
m is the degeneracy of w = 1. Equation (8) generalizes
this result to arbitrary diagonal observables Wˆ with an
arbitrary number of eigenvalues.
We use |ψvar〉 as a variational ansatz for |W1〉, with
variational parameters α1···p that are chosen to max-
imize the fidelity of |ψvar〉 with |W1〉, for a given p.
The optimal fidelity increases with p, and reaches 1 if
f(w) = w/
√
Tr(WˆWˆ †). Figure 4(a) shows the quantum
circuit to prepare |ψvar〉.
Crucial to our protocol is that the formulae for the fi-
delities Fp(α1···p) for given α1···p can be found straightfor-
wardly and analytically, in terms of only the eigenvalues
of Wˆ . We analytically derive the fidelities in the Supple-
mentary Material. Remarkably, we find that for a wide
range of Wˆ with different eigen spectra, the maximum
value of F2 is greater than 0.99.
Figures 4(b-c) plot the fidelity F2(α1, α2) for two dif-
ferent Wˆ . Figures 4(b) considers Wˆ =
∑5
i=1 σˆ
z
i , and
Fig. 4(c) considers Wˆ with a uniform eigenvalue distri-
bution. We find that the maximum of F2 is greater than
0.99 in both cases. When Wˆ is a Pauli operator, the
maximum fidelity at p = 1 is F1(α1 = pi/2) = 1. In this
case, the circuit in Fig. 4(a) reduces to Fig. 1(b).
Implementation of Ux in Fig. 4(a) on digital quantum
platforms using only one- and two-qubit gates is cum-
bersome, but well known from the literature on Grover’s
5Fig. 4v2: preparing purified states
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Figure 4. (Color online) (a) Quantum circuit that prepares
the variational ansatz [Eq. (8)] for |W1〉 [Eq. (7)]. H refers
to the Hadamard gate, and the last gate on the right is bit-
wise CNOT. (b) Magnitude of the fidelities of the variational
ansatz [Eq. (8)] at p = 2, with |W1〉 [Eq. (7)], when (a)
Wˆ =
∑5
i=1 σˆ
z
i , and (b) Wˆ has a uniform eigenvalue distri-
bution in [−1, 1]. The maximum fidelity for these two cases
is respectively 0.994 and 0.999.
algorithm [54, 55]. Alternatively, Ux can be directly im-
plemented using the Rydberg blockade, without being
deconstructed into two-qubit gates [56–63].
In conclusion, we showed how to measure the infinite-
temperature OTOC by making simple measurements on
two systems that are initially entangled and then evolved
with the Hamiltonian, for Hamiltonians with either a chi-
ral symmetry or a particle-hole symmetry. We showed
that the initial state is a product of Bell pairs for unitary
Wˆ , produced a variational ansatz for non-unitary easily
diagonalizable Wˆ , and analytically derived the fidelity of
this ansatz with the desired initial state. Although our
method works for a restricted class of Hamiltonians, and
requires twice the number of qubits, it has some benefits
– it can be implemented without reversing the Hamilto-
nian’s sign, requires fewer measurements than some ear-
lier methods, and is robust to errors. Our ideas can be
experimentally implemented on currently available quan-
tum platforms.
Our method may also complement schemes that im-
plement the SWAP operator using randomized measure-
ments or initial states [64–68], to extract other physical
quantities using fewer measurements or with smaller sta-
tistical errors. The ability to effectively evolve one half
of Bell pairs with −Hˆ by evolving the other half with
+Hˆ, for a restricted family of Hamiltonians, may have
applications in scenarios that involve quantum echoes.
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APPENDIX A: EFFECTS OF DECOHERENCE
AND IMPERFECTIONS ON OTOC
MEASUREMENTS
Here we give further details about the simulations of
errors expected to occur in an experimental implemen-
tation of our proposal. Our goal is to explore the ro-
bustness of the rescaled OTOC, O(t) = 〈W12(t)|Vˆ ⊗
Vˆ T |W12(t)〉/〈Bell(t)|Vˆ ⊗Vˆ T |Bell(t)〉, to these errors. For
simplicity and concreteness, we consider Vˆ = σˆxj and
Wˆ = σˆzi throughout this section. We set h¯ = 1.
A.I: Readout errors
Our protocol measures Vˆ ⊗ Vˆ T after evolving the sys-
tem. Let the ideal probabilities of measuring Vˆ ⊗ Vˆ T as
(±1,±1) be P±1,±1 in the limit of Nm = ∞ measure-
ments, and the error probability for each measurement
7be x. The ideal expectation value of Vˆ ⊗ Vˆ T is
〈Vˆ ⊗ Vˆ T 〉 =
∑
σ1,σ2=±1
σ1σ2Pσ1,σ2. (S1)
However, due to readout errors, the actual probabilities
for measuring (±1,±1) are
P estσ1,σ2 =(1− x)2Pσ1,σ2 + x(1− x)(Pσ1,−σ2 + P−σ1,σ2)
+ x2P−σ1,−σ2 (S2)
giving the estimated expectation value for 〈Vˆ ⊗ Vˆ T 〉 as
〈Vˆ ⊗ Vˆ T 〉est =
∑
σ1,σ2=±1
σ1σ2P
est
σ1,σ2
=
∑
σ1,σ2=±1
σ1σ2
(
(1− x)2P estσ1,σ2
+ x(1− x)(P estσ1,−σ2 + P est−σ1,σ2) + x2P est−σ1,−σ2
)
=(1− 2x)2
∑
σ1,σ2=±1
σ1σ2Pσ1,σ2
=(1− 2x)2〈Vˆ ⊗ Vˆ T 〉. (S3)
Thus, readout errors rescale the ideal expectation value
by (1 − 2x)2. This rescaling occurs both in Oest(t) and
in O′(t), and the ratio of these two quantities O(t) =
Oest(t)/O′(t) is left unchanged.
A.II: Errors in the initial state
The ideal initial state in our protocol, for the example
we considered, is a product of Bell pairs, ρˆinit = ⊗j ρˆj
with ρˆj = |Φ±j 〉〈Φ±j | giving the appropriate Bell state for
the jth qubit. We model imperfect initial state prepa-
ration by writing the initial density matrix as ρˆinit =
⊗j((1−δ)ρˆj +1ˆ×δ/4). Here, the fidelity to prepare each
Bell pair is 1−δ. Current experiments have 1−δ ∼ 0.98.
A measurement of Vˆ ⊗ Vˆ T at time t is affected only
by the imperfect Bell pairs that lie within the support of
Vˆ (t). At t = 0, Vˆ has support on only one qubit, and the
imperfect state preparation rescales the measurement by
(1 − δ) to produce Oestij (t) = (1 − δ)Oij(t). This error is
exactly cancelled in the ratio Oij(t) = O
est
ij (t)/O
′(t). As
the operator spreads with time, the error in Oestij (t) and
O′(t) grow, but these are also cancelled in Oij(t) as long
as Vˆ (t) has not yet spread to the location of Wˆ . The
cancellation is not exact after Vˆ (t) reaches Wˆ .
Figure S1(a-b) plot the error in Oest1n (t), O
′
n(t) and
O1n(t) due to imperfect state preparation. Figure S1(a)
shows that the errors increase linearly with δ for a fixed
time, and that |O1n(t) − O1n(t)| < |O1n(t) − Oest1n (t)|.
Figure S1(b) shows that the errors in Oest1n (t) and O
′
n(t)
begin increasing linearly from t = 0, but the error in
O1n(t) stays close to 0 until σˆ
x
n(t) spreads to qubit 1 at
Jt ∼ 1. For Jt > 1, the error in O1n(t) also increases
linearly with time.
We note that in systems with chaos (which is not ex-
hibited in our case), the support of Vˆ (t) grows exponen-
tially with time. Then the error in the measured OTOC
is also expected to grow exponentially, consistent with
the usual arguments of sensitivity to initial conditions in
chaotic systems.
A.III: Symmetry-breaking terms in the Hamiltonian
To illustrate robustness to breaking of chiral symmetry
or particle-hole symmetry, we consider the system to have
the Hamiltonian
Hˆ = HˆAB + (HˆAA + HˆBB),
HˆAB =
∑
ij
J
r3ij
(
σˆxA,iσˆ
x
B,j + σˆ
y
A,iσˆ
y
B,j
)
,
HˆAA =
∑
ij
J
r3ij
(
σˆxA,iσˆ
x
A,j + σˆ
y
A,iσˆ
y
A,j
)
,
HˆBB =
∑
ij
J
r3ij
(
σˆxB,iσˆ
x
B,j + σˆ
y
B,iσˆ
y
B,j
)
. (S4)
We assume an equally spaced linear chain of qubits which
is bipartitioned into A and B sublattices, as shown in the
inset of Fig. S1(c). We take the nearest-neighbor distance
to be 1. The experiment [49] which realized a variant of
HˆAB had a 2 × (n/2) ladder of atoms and not a linear
chain, but we consider a linear chain here for simplicity.
We group the intra-sublattice terms as Hˆ′ = HˆAA+HˆBB .
These terms may arise if the two legs of the ladder in the
experiment are not aligned properly.
HˆAB has chiral symmetry, and Hˆ′ breaks this symme-
try. In the basis chosen in the main text, (Hˆ′)T = +Hˆ′.
Any other perturbations to the Hamiltonian, if present,
can also be separated into terms that have a symmet-
ric matrix (i.e. real matrix elements), and terms that
have an anti-symmetric matrix (i.e imaginary matrix el-
ements). All terms with real matrix elements break chiral
symmetry.
We denote
O(t) =〈W12|
(
eiHˆtVˆ e−iHˆt
)
⊗
(
eiHˆtVˆ T e−iHˆt
)
|W12〉.
(S5)
A similar derivation to Eq. (5) in the main text yields
O(t) =
1
2n
Tr(Wˆei(Hˆ+Hˆ
′)tVˆ e−i(Hˆ+Hˆ
′)t
× Wˆei(Hˆ−Hˆ′)tVˆ e−i(Hˆ−Hˆ′)t). (S6)
Due to the cyclic property of the trace, Eq. (S6) can be
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Figure S1. (Color online) Errors in OTOC measurements
for varying strengths of imperfections and times. (a-b) The
initial state is taken as ρˆinit = ⊗j((1 − δ)ρˆj + 1ˆ × δ/4), with
fidelity 1 − δ for preparing each Bell pair. (c) The Hamil-
tonian for each system is Hˆ = HˆAB + (HˆAA + HˆBB) [see
Eq. (S4)], where HˆAA and HˆBB break chiral symmetry. (d)
The two systems evolve with unequal Hamiltonians Hˆ1(2) [see
Eq. (S8)]. (e) The two systems have the total Hamiltonian
Hˆ = Hˆ1A,1B + Hˆ2A,2B + (Hˆ1A,2A + Hˆ1B,2B) [see Eq. (S10)],
where Hˆ1A,2A and Hˆ1B,2B couple systems 1 and 2. (f) We in-
clude spontaneous emission with decay rate γ for each qubit.
Blue circles connected by solid lines plot O1n(t)−Oest1n (t), red
squares connected by dashed lines plot 1−O′n(t), and purple
diamonds connected by dotted lines plot O1n(t)−O1n(t). In
(b), the open and closed symbols correspond to δ = 0.05 and
δ = 0.1, respectively. In (a,c-e), open and closed symbols cor-
respond to Jt = 1 and Jt = 1.5, respectively. In (f), open and
closed symbols correspond to Jt = 0.8 and Jt = 1.3, respec-
tively. The number of qubits is n = 6 in (a)-(e), and n = 5
in (f). Inset in (c) shows a schematic of the two systems in
consideration.
reorganized as
O(t) =
1
2n
Tr(Wˆei(Hˆ−Hˆ
′)tVˆ e−i(Hˆ−Hˆ
′)t
× Wˆei(Hˆ+Hˆ′)tVˆ e−i(Hˆ+Hˆ′)t)
=O−(t). (S7)
Thus O(t) is an even function of , and therefore the
error in O(t) scales as 
2 at leading order. A similar
argument can be made for the scaling of O′(t).
Figure S1(c) confirms the argument above, for a par-
ticular pair (i, j) = (1, n).
A.IV: Evolution with unequal Hamiltonians
To illustrate robustness to evolution with unequal
Hamiltonians, we consider the two systems to have the
Hamiltonians
Hˆ1(2) = (1 + 1(2))HˆAB , (S8)
with 1(2) = +(−). This asymmetry between the two
systems may arise if the particles in the two systems in-
teract with different strengths.
We denote
O(t) =〈W12|
(
ei(1+)HˆtVˆ e−i(1+)Hˆt
)
⊗
(
ei(1−)HˆtVˆ T e−i(1−)Hˆt
)
|W12〉 (S9)
Using the same arguments of trace-cyclicality as before
[see Eqs. (S6) and (S7)], we find O(t) = O−(t). There-
fore, therefore the error in O(t) scales as 
2 at leading
order. A similar argument can be made for the scaling
of O′(t) with .
Figure S1(d) confirms the argument above, for (i, j) =
(1, n).
A.V: Coupling between the two systems
To illustrate robustness to coupling between systems
1 and 2, we consider the two systems to have the total
Hamiltonian
Hˆ = Hˆ1A,1B + Hˆ2A,2B + (Hˆ1A,2A + Hˆ1B,2B),
HˆkA,kB =
∑
ij
J
r3ij
(
σˆxkA,iσˆ
x
kB,j + σˆ
y
kA,iσˆ
y
kB,j
)
,
Hˆ1A,2A =
∑
i
J
(
σˆx1A,iσˆ
x
2A,i + σˆ
y
1A,iσˆ
y
2A,i
)
,
Hˆ1B,2B =
∑
i
J
(
σˆx1B,iσˆ
x
2B,i + σˆ
y
1B,iσˆ
y
2B,i
)
. (S10)
Here, 1A(2A) and 1B(2B) denote the A and B sublattices
in system 1(2).
We denote
O(t) =〈W12|
(
eiHˆtVˆ e−iHˆt
)
⊗
(
eiHˆtVˆ T e−iHˆt
)
|W12〉
=〈Bell|
(
Wˆ†eiHˆtVˆe−iHˆtWˆ
)
⊗
(
eiHˆtVˆ T e−iHˆt
)
|Bell〉 (S11)
In the basis chosen in the main text, Wˆ and Vˆ have
real matrices, the unperturbed Hamiltonians Hˆ1A,1B and
Hˆ2A,2B have imaginary matrices, while the coupling
terms Hˆ1A,2A and Hˆ1B,2B have real matrices. By def-
inition, |Bell〉 is a real vector. Then, using Hˆ∗ = −Hˆ−,
9we find
O∗ (t) =〈Bell|
(
Wˆ†e−iHˆ
∗
 tVˆeiHˆ
∗
 tWˆ
)
⊗
(
e−iHˆ
∗
 tVˆ T eiHˆ
∗
 t
)
|Bell〉
=O−(t) (S12)
Since O(t) is real, we find that O(t) is an even func-
tion of , implying that the error in O(t) scales as 
2 at
leading order.
Figure S1(e) confirms the argument above, for (i, j) =
(1, n).
For the coupling considered above, |Bell〉 is an eigen-
state of e−iHˆt⊗ e−iHˆt and an eigenstate of σˆxj ⊗ (σˆxj )T .
Therefore, O′j(t) = 1 even in the presence of coupling be-
tween systems 1 and 2, as illustrated by the red dashed
line in Fig. S1(d). Then, unlike all the other errors above
that can be detected by measuring O′j(t), the presence of
this coupling between systems 1 and 2 will not be re-
vealed by measuring O′j(t).
Appendix A.VI: Spontaneous emission
We include spontaneous emission via the Lindblad
master equation
∂ρˆ
∂t
= −i[Hˆ, ρˆ(t)] + γ
∑
j
L[σˆ−j ](ρˆ(t)),
L[σˆ−j ](ρˆ) =
1
2
(2σˆ−j ρˆσˆ
+
j − ρˆσˆ+j σˆ−j − σˆ+j σˆ−j ρˆ), (S13)
with the initial condition ρˆ(0) = |W12〉〈W12|, and γ the
spontaneous emission rate (identical for each qubit).
Figure S1(f) plots the errors in Oestij (t), O
′
j(t) and
Oij(t) as a function of γ.
Appendix A.VII: Depolarizing noise
Depolarizing noise is included via the Lindblad master
equation
∂ρˆ
∂t
= −i[Hˆ, ρˆ(t)] + γ( 1ˆ
4n
− ρˆ) (S14)
with the initial condition is ρˆ(0) = |W12〉〈W12|, γ the
depolarizarion rate, and Hˆ the total Hamiltonian for the
two systems combined. The solution to Eq. (S14) is
ρˆ(t) = e−γte−iHˆtρˆ(0)eiHˆt + (1− e−γt)1ˆ/4n (S15)
The expectation value of Vˆ ⊗ Vˆ T in ρ(t) is
〈Vˆ ⊗ Vˆ T 〉∞ = e−γtTr(Vˆ (t)Vˆ T (t)ρ(0)) (S16)
since the second term in Eq. (S15) does not contribute.
The right hand side of Eq. (S16) is e−γt times the ideal
(a) (b)
Fig. 1 supp: Fidelities
Figure S2. (Color online) Magnitude of the fidelities of the
variational ansatz |ψvar〉 at p = 2, with the target state |W1〉,
when the eigenvalue distribution for Wˆ is given by (a) a
Wigner semicircle distribution, and (b) the arcsine distribu-
tion. The maximum fidelity at p = 2 for these two cases is
respectively 0.999 and 0.9997.
Eigenvalue distribution of Wˆ p Maximum fidelity
Bernoulli (q = 0.5) 1 1
Arcsine 2 0.9997
Wigner semicircle 2 0.999
Uniform 2 0.999
Gaussian 2 0.991
Table I. Maximum fidelities for |ψvar〉 with |W1〉, for different
eigenvalue distributions for Wˆ and low variational depth.
measurement without errors. That is, depolarizing noise
rescales both Oestij (t) and O
′
j(t) by e
−γt. The factor
e−γt is cancelled in the ratio Oij(t) = Oestij (t)/O
′
j(t), and
therefore the error in the rescaled OTOC is zero.
APPENDIX C: PROOF OF EQ. (8) IN THE MAIN
TEXT
Suppose Wˆ has distinct eigenvalues w0, w1, · · · , with
degeneracies N (w0),N (w1), · · · . For each distinct eigen-
value wi, define the manifold of states with that eigen-
value as S(wi), and
|Φ(wi)〉 = 1√N (wi)
∑
φ∈S(wi)
|φ〉. (S17)
This defines a one-to-one map between the set {|Φ(wi)〉}
and the set of distinct eigenvalues {wi}. The states
{|Φ(wi)〉} are orthogonal to each other, and form a com-
plete basis for a subspace of the full Hilbert space.
The main argument of our proof below is that the vari-
ational ansatz in Eq. (8) lies in the Hilbert space spanned
by {|Φ(wi)〉}, and therefore can be written as a superpo-
sition of only {|Φ(wi)〉}. The coefficients in this super-
position are f(wi)
√N (wi).
Since Wˆ is diagonal, its eigenstates |φ〉 are bit
strings. We label the qubits where Wˆ has support to
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be [1, k]. Then, the eigenstates (x1 · · ·xk · · · 0j · · · ) and
(x1 · · ·xk · · · 1j · · · ) are degenerate, and will appear in
|Φ(wi)〉 in equal superposition. Extending this argument
to all qubits outside [1, k], we find that |Φ(wi)〉 can be
factorized as
|Φ(wi)〉 =
 1√Nk(wi)
∑
φ∈Sk(wi)
|φ〉
 |+⊗(n−k)〉, (S18)
where Sk(wi) is the set of bit strings of length k with
eigenvalue wi, and Nk(wi) = N (wi)/2n−k. We denote
|Φk(wi)〉 =
∑
φ∈Sk(wi) |φ〉/
√Nk(wi). Then, |Φ(wi)〉 =
|Φk(wi)〉|+⊗(n−k)〉.
The left hand side of Eq. (8) factorizes as p∏
j=1
Uxe
iαjWˆ |+⊗k〉
 |+⊗(n−k)〉,
since Ux and Wˆ act only on the first k qubits. The right
hand side of Eq. (8) factorizes as(∑
wi
f(wi)
√
N (wi)|Φk(wi)〉
)
|+⊗(n−k)〉,
where the sum runs over the distinct eigenvalues of Wˆ .
Thus, to prove Eq. (8) in the main text, it is suffi-
cient to prove that
∏p
j=1 Uxe
iαjWˆ |+⊗k〉 lies in the Hilbert
space spanned by {|Φk(wi)〉}. We prove this by showing
that |+⊗k〉 lies in this Hilbert space, and both Ux and Wˆ
are closed under this Hilbert space.
|Φk(wi)〉 is an eigenstate of Wˆ with eigenvalue wi.
Therefore, Wˆ is closed under this Hilbert space.
We can write
|+⊗k〉 = 1√
2k
2k−1∑
φ=0
|φ〉 =
∑
wi
√
N (wi)
2n
|Φk(wi)〉, (S19)
where the first sum runs over all the eigenstates of Wˆ , and
the second sum runs over only the distinct eigenvalues
wi. Therefore, |+⊗k〉 lies in the Hilbert space spanned by
{|Φk(wi)〉}. Then, Ux = 1 − 2|+⊗k〉〈+⊗k| is also closed
under this Hilbert space. This completes the proof of
Eq. (8).
The target state,
|W1〉 =
(∑
wi
wi
√
N (wi)
Tr(WˆWˆ †)
|Φk(wi)〉
)
|+⊗(n−k)〉,
(S20)
is equal to Eq. (8) when f(wi) = wi/
√
Tr(WˆWˆ †).
APPENDIX D: CALCULATING THE FIDELITIES
The fidelity of |+⊗n〉 with |W1〉 is (using Eqs. (S20)
and (S19))
F0 =〈W1|+〉⊗n
=
∑
wi
√
N (wi)
2n
× wi
√
N (wi)
Tr(WˆWˆ †)
〈Φk(wi)|Φk(wi)〉
=
∑
wi
wiN (wi)√
2nTr(WˆWˆ †)
=
Tr(Wˆ )√
2nTr(WˆWˆ †)
. (S21)
To derive the last equality in this equation, we used the
relation
∑
wi
g(wi)N (wi) = Tr(g(Wˆ )) for any function g.
The fidelity of |ψvar(α)〉 with |W1〉 is
F1(α) =〈W1|ψvar(α)〉
=〈W1|(1− 2|+⊗n〉〈+⊗n|)eiαWˆ |+⊗n〉
=〈W1|eiαWˆ |+⊗n〉 − 2〈W1|+⊗n〉〈+⊗n|eiαWˆ |+⊗n〉
=
∑
wi
wie
iαwiN (wi)√
2nTr(WˆWˆ †)
− 2( Tr(Wˆ )√
2nTr(WˆWˆ †)
×
∑
wi
eiαwiN (wi)
2n
)
=
Tr(WˆeiαWˆ )− 2Tr(Wˆ )Tr(eiαWˆ )/2n√
2nTr(WˆWˆ †)
. (S22)
For p > 1, the fidelity can be calculated recursively as
Fp(α1 · · ·αp) =〈W1| · · · eiα2WˆUxeiα1Wˆ |+⊗n〉
=〈W1| · · · eiα2Wˆ eiα1Wˆ |+⊗n〉
− 2〈W1| · · · eiα2Wˆ |+⊗n〉〈+⊗n|eiα1Wˆ |+⊗n〉
=Fp−1(α1 + α2, α3 · · ·αp)
− 2Fp−1(α2 · · ·αp)Tr(e
iα1Wˆ )
2n
. (S23)
Figure S2 plots F2 for Wˆ with eigenvalue distributions
given by the Wigner semicircle distribution and the arc-
sine distribution. These distributions are chosen for il-
lustrative purposes. We find that the maximum of F2 is
greater than 0.999 in both cases. Table I lists the maxi-
mum fidelities for five eigenvalue distributions of Wˆ .
